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The index is less conservative than the condition number of the
stiffness matrix and reflects the fact that for some cases, no
error magnification occurs even when the condition number is
very high. The proposed index was applied to calculation of
derivatives of beam response to changes in the beam structural
parameters by the semianalytical method. The calculation of
derivative with respect to length is very sensitive to errors;
whereas the calculation of derivative with respect to cross-sec-
tional height is not. The proposed index indiscriminated well
between these two cases.

Acknowledgments

This research was supported by NASA Grant NAG-1-224.
Helpful comments from Layne T. Watson and William Greene
are greatly appreciated.

References

1Golub, G. H., and Van Loan, C. F., Matrix Computations, The
Johns Hopkins University Press, Baltimore, 1983.

2Chan, T. F., and Foulser, D. E., ‘“Effectively Well-Conditioned
Linear Systems,’” SIAM Journal of Scientific and Statistical Comput-
ing., Vol. 9, No. 6, Nov. 1988, pp. 963-969.

3Barthelemy, B., Chon, C. T., and Haftka, R. T., ‘“‘Accuracy Prob-
lems Associated with Semi-Analytical Derivatives of Static Re-
sponse,”’ Finite Elements in Analysis and Design, Vol. 4, 1988, pp.
249-265.

4Barthelemy, B., and Haftka, R. T., ‘‘Accuracy Analysis of the
Semi-Analytical Method for Shape-Sensitivity Calculation,”” ATIAA/
ASME/ASCE/AHS 29th Structures, Structural Dynamics and Materi-
als Conference, April 1988.

Accuracy of Condensed Eigenvalue
Solution

K. Berkkan* and M.A. Dokainish}
McMaster University, Hamilton, Ontario, Canada

1. Introduction

LARGE number of degrees of freedom are used to

model complex structures. Efficient solution of the re-
sulting eigenvalue problem is of the utmost importance for
dynamic analysis. One way of dealing with complex structures
is to partition the structure into a number of substructures.
Lower natural frequencies and modal vectors of the complete
structure can be calculated using the Guyan reduction method.
In this case, the boundary nodes of substructures determine
the master degrees of freedom for the condensation. The
accuracy of the natural frequencies calculated in this manner
are determined by the relative magnitude of the natural fre-
quencies of the substructures corresponding to fixed boundary
degrees of freedom. The substructure natural frequencies
should be very large compared to the global natural frequen-
cies to be calculated; otherwise, the solution of a frequency-
dependent eigenvalue problem is necessary in order to obtain
natural frequencies accurately. In this Note, a computation-
ally efficient method is presented for the solution of this
nonlinear eigenvalue problem.
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Condensation of Stiffness and Mass Matrices

Free vibration analysis of structures results in a matrix
equation of the form

[KI{U}—=ANM]{U} = {0} 1)
where [K] and [M] are the stiffness and mass matrices, respec-
tively, {U} is the modal vector, and A is the square of the
natural frequency. If this system of equations is partitioned,

separating the boundary and internal degrees of freedom, the
following equation system is obtained:

[KBB KB,] XUB} _X[MBB MBI] {UBZ _ {0} ®
KIB Kll UI MIB Mll Ul 0
From the second row of these matrix equations,

U= —(Ky—\M )~ '(Kg —A\M5)Up 3)
Here, we consider the complete solution of the eigenvalue

problem in which only the internal degrees of freedom are
present:

(Kir —=NMp)W =0 )
where A is a diagonal matrix having substructure eigenvalues
on its diagonal, and W is the substructure modal matrix.
Using the identities

WTMW =1 (52)
WIK W =A (5b)

Eq. (3) can be rewritten as
U= —WA-N)'WT(Kjg —\M5)Ug ©)

where 7 is the identity matrix.
The first row of Eq. (2) gives

(Kpp —NMpp)Up + (Kpr —AMp)U;= 0 @)
Equation (6) is substituted in Eq. (7) to give
(KBB - )\MBB)UB

—(Kpr —=NMp)W(A—N) "' WT(Kip = \M5)Up =0 (8)
or
DMNUp=0

Expansion of the second term in Eq. (8) results in the follow-
ing expression for the dynamic stiffness matrix:

DM\ =Ky—AMy—~NG(A—N)"'GT )
where
K(): KBB "KBIKIFIKIB

MO = MBB +KBIK]; 1MII‘K'IY ]KIB —KBIKIT 1]\IIB _MBIKﬁ 11<IB
GZMB[W—KBIWA71
In Guyan reduction, the last term in Eq. (9) is neglected.
Hence, a linear eigenvalue problem is obtained. The effect of

this term on the accuracy of the eigenvalues is determined by
the magnitude of the diagonal entries

MO —N)

where A, are the substructure eigenvalues obtained from Eq.
(4). It is shown in Ref. 1 that the error in the ith eigenvalue is
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limited by the following inequality:
€; <(Ni/ Nmin) (10

where Agyin is the minimum of the substructure eigenvalues.

If all the substructure modes are included in Eq. (9), then
the calculated eigenvalues for the complete structure are exact.
However, since substructures are much stiffer than the entire
structure, only very few substructure modes are needed in
order to achieve reasonable accuracy. Equation (10) can be
used as a guide for the desired accuracy. In this case, Ngmin
should be replaced by the minimum of the substructure eigen-
values which are not included in the analysis.

Solution of the Nonlinear Eigenvalue Problem

There are efficient methods in the literature developed for
the solution of large linear eigenvalue problems. However,
they cannot be employed for the solution of the nonlinear
problem presented by Eq. (9). The eigenvalues of this nonlin-
ear equation system can be isolated using the fact that the
determinant of the original dynamic stiffness matrix is zero
when it is calculated at one of the system eigenvalues. In order
to keep track of the order of the ecigenvalues, the Sturm
sequence of the original system is also needed. Wittrick and
Williams? presented the relationship between properties of the
original and the condensed equation system. Accordingly, the
Sturm sequence of the original system can be formulated as

JN)=J1(A) +S{DA)} an
where

J(A*) = the number of eigenvalues of the original system that
are less than a chosen value \*

Ji(\*) = the number of fixed boundary substructure eigenval-
ues that are less than A*

S{D(\*)} =the number of negative entries on the leading
diagonal of triangularized D(\*) in Eq. (9)

For the solution of the original eigenvalue problem in Eq.
(2), it is suggested® that the Sturm sequence properties of the
system be used, as well as the bisection method, to approxi-
mate the zero roots of the characteristic equation of the dy-
namic stiffness matrix in Eq. (9). After that, the eigenvalues
and the eigenvectors of the system can be accurately calculated
by applying an inverse iteration in the form

DUz =N MM)Up (12)

where \ is the approximate eigenvalue that can be corrected
using N/,

A=A+N (13)

The equation for the dynamic mass matrix is given® as
M) = iD »N (14
N

Equation (14) is applied to Eq. (9) to give
MM =My+ GA—=N)"'QA = ND)(A-ND'GT  (19)

In order to obtain an accurate eigenvalue using Eq. (13), A\’
should be small compared to . In other words, N should be
close to the actual root so that D(A) and M () in Eq. (12) are
accurate. This necessitates a large number of bisections. For
each trial value of A*, the dynamic stiffness matrix has to be
decomposed to count the negative entries on the diagonal. The
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number of bisections can be reduced by using the subpolyno-
mial interpolation. This iteration method is proposed* for the
solution of the large linear eigenvalue problems but can more
efficiently be employed for nonlinear eigenvalue problems.
The idea behind the method is to approximate the character-
istic polynomial of the original equation system with a sub-
polynomial, which is much easier to iterate on, and to use the
subpolynomial to approximate the eigenvalue. To obtain the
subpolynomial, first, the eigenvalues are isolated using the
Sturm sequence property of the system; then, the determinant
values obtained during that isolation are used to approximate
the value of the determinant at any other point using Lagrange
interpolation. If n number of data points (A\1*, No*, ..., \,*)
are obtained with n decompositions, then the value of the
determinant at any point can be approximated by the equation

Py = LLPOV) (16)

where P is the characteristic polynomial, P, the approximate
subpolynomial, and

Li=TL =Ny =) 17
Ji#1
The determinant of the original dynamic stiffness matrix,

P(\;*), is related? to the determinant of the condensed dy-
namic stiffness matrix det(D(\;*)) as follows:

P(N) = det(D(\) kﬁ[l N =N\ (18)

where A\, are the fixed boundary eigenvalues of the substruc-
tures.

Equation (16) can be used to find the approximate roots of
the characteristic equation of the original eigenvalue problem
in Eq. (2). Then, the eigenvalues and the eigenvectors can be
calculated accurately using Eqs. (12) and (13). Finally, the
complete eigenvector can be obtained using Eq. (6).

Another Selection for W

The reason for using the substructure modal matrices for W
is to transform Eq. (3) into Eq. (6) using Eq. (5). However,
Eq. (5) can also be satisfied by the lower triangular matrix
resulting from the Cholesky decomposition of the inverse
internal mass matrix

Mi'=WwT

Although a A matrix obtained this way is not diagonal, it does
not change the transformation from Eqs. (3) to (6). When A is
not diagonal, the calculations of the dynamic matrices in Egs.
(9) and (15) are costly. Nevertheless, they may be calculated
once for every eigenvalue obtained using Guyan reduction.
This way, eigenvalues and eigenvectors are calculated much
more accurately using Eqgs. (12) and (13). Also, the error due
to static condensation is revealed by the relative size of the
correction A’ with respect to the eigenvalue A.
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